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a b s t r a c t

A spatial Bayesian hierarchical model is proposed to analyze func-
tional magnetic resonance imaging data for complex spatial and
temporal structures. Several studies found that spatial dependence
not only appears in signal changes but also in temporal correla-
tions among voxels; however, current statistical approaches ignore
the spatial dependence of temporal correlations, thereby keeping
computational efficiency. We incorporated the spatial random ef-
fects model to simultaneously consider spatial dependence arising
fromboth signal changes and temporal correlations.We conducted
simulation studies to demonstrate that the proposed approach
increases the accuracy of the detection of brain activities while
remaining computationally feasible. A real event-related fMRI data
is provided to further illustrate the application and usefulness of
the proposed model.

© 2017 Elsevier B.V. All rights reserved.

1. Introduction

Functional magnetic resonance imaging (fMRI) allows researchers to investigate brain activity
– resulting from a stimulus – by observing blood oxygenation level dependent (BOLD) signals
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Fig. 1. An example of the distribution of temporal coefficients in AR(1) taken from (Lee et al., 2014). A red–blue color scale was
used, where red represents correlation +1, blue represents correlation −1, and green represents correlations around 0. (For
interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

(Detre and Floyd, 2001). The data is derived from a subject performing a task in response to a
stimulus, while three-dimensional images containing BOLD signals are collected every 1–3 seconds
(s). Numerous statistical models have been proposed (to allow researchers) to detect localized regions
activated during a task. The broader goal is to identify the networks required for a particular brain
function, or to assess physical characteristics of the brain elicited by cognitive processes, see Friston
et al. (2007) and references therein. From a statistical point of view, the Bayesian paradigm provides
an (attractive) inferential framework (Zhang et al., 2015). In general, the brain activation structure
of a group of subjects is analyzed, and the conclusions are generalized to the entire population. The
efficiency of group inferences relies on the accuracy of single subject data analysis (Bowman et al.,
2008; Chen et al., 2012).We thus propose a newBayesianmodeling approach to substantially improve
the sensitivity of detection for single subject fMRI sessions.

Non-Bayesian approaches apply a Gaussian random field (GRF) theorem to minimize the error
introduced by spatial normalization. However, fMRI data exhibits a complicated spatial and temporal
structure. As recently published by Eklund et al. (2016) the invalid assumption of GRF may signif-
icantly inflate false-positive rates in neuroimaging studies. A variety of Bayesian approaches were
introduced to model temporal and spatial dependences. They also help integrate the neighboring
information for an activation indicator with temporal data, see Woolrich et al. (2004). Smith et al.
(2003) and Smith and Fahrmeir (2007) introduced a latent binary variable to indicatewhether a voxel
is activated by a task. Lee et al. (2014) extended the approach by applying spatial Bayesian variable
selection (SBVS) with Ising distribution to capture the spatial dependence between brain activations,
and used an auto-regression model to depict temporal correlations in signal changes. In addition to
thementioned Ising distribution, GaussianMarkov random field (GRMF) models (Quirós et al., 2010)
and spatial probitmodels (Kalus et al., 2014) are alsowidely used. However, all currentmethodologies
are computationally intensive.

We propose a model with consideration of both spatial and temporal dependences in a compu-
tationally feasible manner. The spatial correlation in signal is modeled via latent indicator variables
showing activation/inactivation of voxels, while the temporal dependence in signal is captured via
auto-correlation parameters. The description of spatial dependence among latent indicator variables
is based on the spatial generalized linear mixed-effects model (SGLMM) (Hughes and Haran, 2013;
Musgrove et al., 2016). In addition, studies have found that the temporal autocorrelations appear
similar in nearby voxels. Fig. 1 from Lee et al. (2014) shows the spatial distribution of the maximum
likelihood estimate for temporal coefficient in the auto-regressionmodel, AR(1), in each voxel. Nearby
voxels in some domains have similar temporal correlation values, and hence the map may contain
spatial correlation. Not considering the spatial dependence of temporal correlations also has an
impact of the parameter estimation on detecting the brain activation partially due to the inaccurate
estimate of temporal coefficients (Arbabshirani et al., 2014). We aim to improve the estimates of
brain activity for each voxel by accurately estimating the temporal parameters in the auto-regression
models. Therefore, we proposed a spatial random effect model to include the spatial dependence of
temporal characteristics. This way, both the model estimation and the accuracy of the detection (of
brain activity) will be improved. We will assert functional connectivity in the brain from the similar
patterns of activation in different brain areas.

Our modeling strategy combines several ideas from the literature that we summarized above.
In the time dimension, we employ an auto-regression model for correlated errors, and describe the
patterns of temporal coefficients via a spatial random effect model. In the spatial dimension, we cap-
ture dependence of brain activities among nearby voxels via the SGLMM. To remain computationally
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feasible in the model estimation, the parcellation of a brain image enables us to quickly update the
activation maps using a Markov chain Monte Carlo (MCMC) algorithm (Musgrove et al., 2016). The
proposed model can incorporate prior information on activation in the form of spatially informative
variables.

The remainder of the paper is organized as follows. In Section 2, we introduce the Bayesian
formulation of our statistical model, including the spatial dependence and the priors of the related
parameters. Section 3 provides simulations to validate the model. In Section 4, we apply our methods
to a data set from an event-related fMRI experiment realizing the Simon task. In Section 5, we
summarize our findings and discuss future research directions.

2. Statistical modeling

Bayesian methods in neuroimaging studies have received recent attention, see (Bowman et al.,
2008; Caffo et al., 2011; Genovese, 2000; Goldsmith et al., 2014; Smith et al., 2003; Smith and
Fahrmeir, 2007; Woolrich et al., 2004; Xia et al., 2009). They can directly incorporate the physical
characteristics of the experiment. Our model not only identifies the voxels that have a response to
a task, but also detects the areas that have more activity in response to some stimulus in an fMRI
experiment.

The basic idea is now described, while the completion of details of the proposed model is given
in Section 2.1. Let yvt be the observed BOLD signal from a voxel v = 1, . . . ,N at time t = 1, . . . , Tv .
Then let xvtj be the corresponding transformed jth stimulus bymeans of the convolution of a stimulus
function sjt with a parametric hemodynamic response function (HRF) hvt . Typically, sjt corresponds to
a ‘boxcar’ function indicating if the stimulus is active/inactive at time t , while the HRF hvt consists of
a linear combination of two gamma functions (Friston et al., 1998; Glover, 1999; Gössl et al., 2001;
Smith and Fahrmeir, 2007). In hemodynamicswedealwith short-duration stimuli, forwhich the BOLD
signal fits in a pattern. This includes an increase above the baseline 2 s after the onset of neuronal
activity, a peak at about 5–8 s, and a fall below the baseline (the so called undershoot) for a period of
10 s (Aguirre et al., 1997). In addition, the change of BOLD signal intensity is partly due to stimulus-
independent effects, such as movement, blood flow, slow drift, etc., which are modeled by covariates
ztk, k = 1, . . . , q. Thus, we model the response yvt with

yvt =

q∑
k=1

ztkδvk +

p∑
j=1

xvtjβvj + εvt ,

where βvj is the so called magnitude of activation that we measure by the BOLD signal level for
the jth stimulus, while δv denotes the total magnitude contributed by the mentioned stimulus-
independent effects. Finally, εvt is themeasurement error.Modeling the inherent spatial and temporal
characteristics is accomplished by making appropriate distributional assumptions for βvj and εvt , and
through the choice of prior distributions for the parameters.

A voxel v has a neural activation induced by the jth stimulus xvj whenever the corresponding
magnitude βvj is nonzero. Detecting whether a voxel is activated by a stimulus is equivalent to
detecting whether the variable xvj has an effect on the BOLD signal yvt . In the literature, this approach
is called the variable selection problem (George and McCulloch, 1993, 1997). Several studies (Smith
et al., 2003; Smith and Fahrmeir, 2007; Lee et al., 2014) from a Bayesian perspective, have dealt
with variable selection problems. However, a naive fully Bayesian approach, which incorporates both
spatial and temporal dependences, may encounter posteriors that are computationally intractable,
even with the most sophisticated methods. In Section 2.1, we further develop our model to also
incorporate spatial dependence in the temporal characteristics, pay careful attention to the prior
specifications with the dual goal that we accurately reflect the nature of the experiment while
mitigating the computational burden.
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2.1. Bayesian formulation

Let yv , a Tv × 1 vector, denote a time series data for voxel v. A general linear model is considered
for yv as follows

yv = Zvδv + Xvβv + Lvρv + ϵv; ϵv ∼ N(0, σ 2
v I), (1)

where Zv is a Tv × kmatrix used to account for long memory trends, hardware related low frequency
drift, residual movement effects, and aliased physiological noise, such as respiration and cardiac
pulsation, with the corresponding effects, δv (Friston et al., 2007; Lund et al., 2006). The Tv ×pmatrix
Xv is the design matrix, each column of which consists of values obtained from a stimulus function
with respect to a task, (Rajapakse et al., 1998; Lindquist et al., 2009) convolved with the canonical
HRF (Friston et al., 2007), and βv , a p × 1 vector, corresponding to the effects of stimuli. Temporal
correlation is modeled by ρv , an r × 1 vector of auto-regression coefficients, with Lv a Tv × r matrix
of lagged prediction errors (Penny et al., 2005, 2003). Finally, we assume that the error terms ϵv are
independently and normally distributed across voxels, with a mean vector 0 and a covariance matrix
σ 2I .

One important goal in this study is to detect neural activation in a voxel, that is, whether one
has a response to a stimulus. For this purpose, we introduce a vector of binary random variables,
γv = (γv1, . . . , γvp)T . The voxel is considered active to the stimulus j if and only if γvj = 1. It was
found in brain studies that along with a voxel, its neighboring voxels behave similarly, they are active
or inactive in a group. To account for the spatial relationship, Lee et al. (2014) developed a two-
stage spatio-temporal model using the Ising prior for γ and AR(1) for temporal correlation between
time points. However, there appeared computational difficulties arising from the simultaneous use
of spatial and temporal parameters. Namely, at each MCMC iteration, a normalizing constant and the
inverse of the covariance matrix need to be evaluated. This increases the computational burden on
the MCMC sampler. Although the authors proposed the so called path sampling approach (Gelman
andMeng, 1998) to compute the normalizing constant, there is still a thorny issue about the inversion
of the Tv × Tv covariance matrix at each MCMC iteration.

To avoid the computational difficulty in evaluating the normalizing constant when applying Ising
distribution tomodel the spatial dependence of binary randomvariables,we adopted an alternativeMarkov
random field (MRF) prior, SGLMM (Musgrove et al., 2016). In addition, we considered a parcellation
technique (Musgrove et al., 2016) to partition the brain for computational efficiency. Thereby, a parcel-
dependent model has been established. Within each parcel, an individual model is applied and fitted
independently. This may simplify the spatial dependence of fMRI BOLD signal changes; however, by doing
so, model estimations can be done in parallel, reducing analysis time, considerably. In addition, different
regions of the brain may have different signal-to-noise ratios, so our model can more accurately capture
distinct local characteristics.Next, we introduce the priors of parameters in themodel and the posterior
distribution.

2.2. Priors

Suppose that a brain is partitioned into G non-overlapping parcels, where the gth parcel contains
ng voxels, g = 1, . . . ,G. We then fit the proposedmodel into (1) independently for each parcel. In the
Bayesian framework, each parameter is necessarily assigned a prior.

Instead of the Zellner’s prior used for βvj, we consider a spike-and-slab mixture prior (George and
McCulloch, 1997)

βvj|γvj ∼ γvjN(0, c2vjτ
2
vj) + (1 − γvj)N(0, τ 2

vj),

where c2vj is fixed and τ 2
vj is assumed to have an inverse gamma distribution, IG

( aτ

2 , bτ

2

)
. We set c2vj

large enough resulting in a nonzero estimate for βvj, that is, stimulus j activates voxel v. As George
and McCulloch (1997) suggested, c2vj should be less than 104 to avoid computational problems. We
found that c2vj = 10 is a reasonable choice for our simulations and the real fMRI example. Instead of
a mixture prior with a Dirac delta spike and a normal slab or g-prior, our choice is useful to create
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credible intervals for the β ’s of interest. Furthermore, it allows straightforward posterior estimates,
due to the option of Rao-Blackwellization.

We assume that γ j = (γ1j, . . . , γng j)
′ are independent, Bernoulli distributed conditionals on ηvj,

where ηvj = P
(
γvj = 1|svj, αvj

)
; that is,

γvj|ηvj
ind
∼ Ber(ηvj). (2)

We let

logit (ηvj) = αvj + svj, (3)

with logit (ηvj) = log
(

ηvj
1−ηvj

)
, where svj is a random effect and αvj is a fixed constant.

The αvj is used to incorporate expert knowledge and anatomical information, while svj carries the
spatial random effect to characterize the spatial dependence of γ j. Let Sj =

(
s1j, . . . , sng j

)
constitute

a GMRF. That is, Sj ∼ N
(
0, (κjQg )−1

)
, where κj is a smoothing parameter, Qg = diag(Ag1) − Ag is

the precision matrix, 1 denotes a column vector of 1 s, and Ag is the underlying spatial structure
of the random field. We assume that the spatial weights auv = avu ≥ 0 for each pair of su and sv
in Ag satisfying auu = 0 for any u. To speed up computation, Hughes and Haran (2013) proposed
a dimension reduction approach to the random field via introducing svj = m′

vφj, where φj is the
vector of spatial random effects, and m′

v is the vector consisting of the spatial characteristics of data
from the row vector Mg , an ng × q matrix. The columns of the latter matrix are the q eigenvectors
corresponding to the largest eigenvalues of the adjacencymatrix Ag of all voxels in the gth parcel. The
eigenvectors are multi-resolutional spatial basis vectors that describe spatial variation in the parcel.
In general, brain activity in one voxel tends to be similar to that of nearby voxels. In accordance, only
positive spatial dependence will be considered in the analysis, that is the columns ofMg are restricted
to eigenvectors of Ag with positive eigenvalues and typically q ⩽ ng/2 (Hughes and Haran, 2013).

Therefore, the model in (3) can be rewritten as logit (ηvj) = αvj + m′
vφj and the corresponding

prior for the spatial random effect vector φj is assigned as follows (Hughes and Haran, 2013)

φj|κj ∼ N(0, (κjQ̃g )−1) (4)

where Q̃g = M ′
gQgMg . Note that Q̃g is a q×qmatrix and q ≪ ng so the operational cost is significantly

reduced for the MCMC procedure. The prior for the spatial smoothing parameter κj is

κj ∼ Γ

(
aκ

2
,
bκ

2

)
.

It was found in Lee et al. (2014) that the temporal correlations between voxels also tend to behave
similarly for neighboring voxels. Wemodel the spatial dependence between temporal correlations as
follows. We assume

ρvr ∼ N(m′

vϕr , λ
2
r ), (5)

where ϕr is the spatial random effect for the rth order of temporal correlations and

λ2
r ∼ IG

(
aλ

2
,
bλ

2

)
.

We assume that the priors of ϕr have a hierarchical structure given by

ϕr |ωr ∼ N(0, (ωr Q̃g )−1);

ωr ∼ Γ

(
aω

2
,
bω

2

)
,

where ωr is a spatial smoothing parameter. Finally, we assume that δvk are independent normal
distributions with mean 0 and variance s2vδ , that is,

δvq
ind.
∼ N(0, s2vδ)
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for k = 1, . . . , q and

σ 2
v ∼ IG

(
aσ

2
,
bσ

2

)
.

The values of a′s and b′s in the gamma and inverse gamma distributions are determined by the
user. They incorporate one’s prior assumptions before observing the data. The values of these
hyperparameters in the priors of smoothing parameters κj and ωr are chosen as aκ = aω = 0.5 and
bκ = bω = 1/2000. Their purpose is not to bring artifacts into the spatial structure of the posterior
density (Kelshall and Wakefield, 1999). In the inverse gamma prior for σ ′s and λ′s, the nearly non-
informative priors are used, that is, aσ = aσ = aλ = bλ = 1 .

2.3. Posterior and Monte Carlo estimates

Denote the voxel-level parameters by θv = (βv, δv, ρv, γv, σ
2
v ) and the parcel-level parameters by

Θg = (φ, κ, τ 2, λ2, ϕ, ω). The posterior distribution is obtained by combining the priors π (θv,Θg )
and the likelihoods L(θv|yv), which are defined by

π (θv,Θg ) =

ng∏
v=1

π (δv)π (ρv)π (σ 2
v )π (βv|γv)

p∏
j=1

π (γ j|φj)π (φj|κj)π (κj)π (τ 2
j )

×

r∏
k=1

π (λk)π (ϕk|ωk)π (ωk)

and

L(θv|yv) =

(
1

2πσ 2
v

)−T/2

exp
{
−

(yv − Zvδv − Xvβv − Lvρv)′(yv − Zvδv − Xvβv − Lvρv)
2σ 2

v

}
.

The posterior based on our prior specifications is typically of extremely large dimension, and is
unavailable in closed form. We depend on the use of MCMC throughout, to perform the required
inferential tasks. Due to the intractability of the posteriors, Gibbs updates and Metropolis–Hastings
updates were used to sample the posterior distribution. The details of derivation of all conditionals
are given in Appendix.

The MCMC procedure produces samples from the joint posterior distribution of all the model
parameters, allowing for their estimation and inference. Although the parametrization is complex in
the proposed hierarchical model, the computation is efficient. Estimation of the single-subject fMRI
data set can be done in parallel and considerable time saving can be achieved via the SGLMM as well.

The posterior probability P(γvj = 1|y) for the activation map is directly calculated from MCMC
samples by

P̂(γvj = 1 | y) =
1
M

M∑
k=1

γ
(m)
vj ,

where γ
(m)
vj is the mth sample among M pieces of MCMC samples for γvj. The distribution of P̂(γvj =

1|y) in a map provides a way to visualize brain regions with peak, high, low, and practically no
activation. Here, voxels are classified active if their posterior activation probabilities are greater than
a threshold. Similarly, the posterior estimation of E(βvj | y) is the average of all MCMC samples for
βvj.

2.4. Activation classification

The construction of the binary activation map is done by thresholding the posterior probability
of γvj = 1. This means that a voxel v is considered active to a stimulus j if P̂(γvj = 1|y) > c.
Threshold determination lacks agreement between researchers. Often, c = 0.5 results in minimal
prediction risk (Barbieri and Berger, 2004). Smith and Fahrmeir (2007) and Lee et al. (2014) defined
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the threshold as c = 0.8722 for activation by matching a Bayes factor approximation to a likelihood
ratio test under 5% significance level.

For threshold determination, our preference was to minimize the false discovery rate (FDR) (Ben-
jamini and Hochberg, 1995). It is the number of voxels falsely/incorrectly classified active divided by
the number D of all voxels classified active. Our algorithm design followed Kalus et al. (2014). Let ζ

denote the binary decision to classify a voxel active (ζv = 1) or inactive (ζv = 0). FDR is thus defined
as

FDR =
1
D

N∑
v

(1 − γv)ζv.

In a Bayesian framework, the threshold is determined by controlling the posterior expectation value
of FDR (Newton et al., 2004),

E(FDR | y) =
1
D

N∑
v

(1 − P(γv = 1 | y)) ζv.

Putting ζv = I
(
P̂(γv = 1 | y > t)

)
and replacing P(γ = 1 | y) by its estimation, we can evaluate

E(FDR | y) over a grid after choosing a threshold tomatch a specified level, say 0.05. In our experience,
activation maps seem to be robust against the choice of the threshold.

3. Simulation studies

There were two different simulation scenarios, block and event-related. We also compared the
accuracy of classification with and without consideration of spatial dependence of temporal correla-
tions in Section 3.1. Next, we design a simulation to investigate if the proposed approach is robust to
different spatial and temporal dependence structures presented in Section 3.2.

3.1. Benchmark example

In this simulation study, our goal is not only to demonstrate that the proposed model is able to
identify the active areas but also to compare performance with and without consideration of spatial
dependence of temporal correlations while the dependence really appears in the data.

Our designs have a total number of 400 time points and a repetition time (TR) of 2 s. In the
block design, the duration of each block is 20 s. In the event-related design, the stimulus is assigned
randomly. The stimulus function is convolved with an HRF modeled by a double gamma function to
create the design matrix Xv .

A 30 × 30 binary image γ was generated from (2) using φ simulated from (4). We let αv = 0,
κ = 0.5, M be a 300 × 900 matrix whose columns are the q = 300 principal eigenvectors of A
corresponding to the q = 300 largest eigenvalues. We consider first order spatial dependence, that is,
only 4 of the nearest voxels are considered neighbors in 2-dimensional data. Moreover,m′

v is the vth
row ofM , and Q = diag(A1)−A. We consider an AR(1) for the temporal noise within voxels. For each
voxel v, ρv is hierarchically generated by (5). We let λ2

= 0.1 and ω = 2.
We generate βv ∼ U(1, 5) when γv = 1, otherwise βv ∼ U(−0.1, 0.1). We set σ 2

v = 1. Given Xv ,
βv , γv , ρv , and σ 2

v , the BOLD signal yv is generated by

yv ∼ N
(
Xvβv, σ

2
v Λv

)
, (6)

where the (s, v)th element of Λv is ρ|s−v|
v . We considered two threshold values, one was the fixed

value of 0.8722, and the other one was determined by FDR. To evaluate the detection performance
of our proposed method, we considered the following measures: True Classification Rate (TCR), True
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Table 1
The median of TCR, TPR, and FPR and the corresponding 5th and 95th quantiles (within the parentheses) over 1000 replica-
tions. MSE(β) and MSE(ρ) are the mean square errors on the estimates of βs and ρs. With/Without: do/do not consider the
spatial dependence in the temporal coefficients.

Block design Event-related design

With Without With Without

Fixed threshold: 0.8722

TCR 96.36 (90.25, 98.34)% 90.20 (88.01, 94.25)% 95.87 (95.25, 97.35)% 92.24 (91.98, 96.02)%
TPR 94.78 (90.01, 97.60)% 88.22 (85.86, 92.15)% 94.45 (90.01, 96.23)% 88.07 (86.01, 92.34)%
FPR 2.32 (1.26, 5.25)% 5.67 (4.40, 10.89)% 2.76 (1.47, 5.65)% 6.01 (4.43, 10.72)%

FDR

TCR 94.05 (87.90, 96.72)% 91.00 (87.92, 94.24)% 96.87 (95.95, 98.10)% 93.01 (92.01, 96.01)%
TPR 97.70 (91.62, 100)% 88.03 (84.87, 95.09)% 96.14 (90.23, 96.24)% 88.00 (85.10, 92.37)%
FPR 2.85 (1.52, 5.78)% 9.43 (4.59, 11.99)% 4.50 (3.84, 7.92)% 10.01 (4.45, 12.20)%

MSE(β) ×10−2 7.93 (2.55, 32.10) 13.23 (2.71, 55.30) 8.15 (2.72, 40.45) 12.73 (2.90, 58.50)
MSE(ρ) ×10−3 4.81 (4.02, 5.35) 5.44 (4.24, 8.36) 5.22 (3.80, 8.87) 10.13 (7.72, 20.50)

Positive Rate (TPR), and False Positive Rate (FPR), which are defined as follows

TCR =
number of correctly classified voxels

number of voxels
;

TPR =
number of active voxels correctly classified

number of active voxels
;

FPR =
number of inactive voxels incorrectly classified

number of inactive voxels
.

TCR is an overall index of accuracy in the identification of active and inactive voxels. TPR is the rate
of active voxels correctly identified, and is used to measure the power of the method. FPR is the rate
of inactive voxels that are claimed as active; it can be considered the type I error rate of the method.
Among these three criteria, it is preferred to have larger values for TCR and TPR, and a smaller value
for FPR. Moreover, to evaluate the accuracy of the model estimation, we calculate the mean squared
errors (MSE) of estimates on βs and ρs defined by

MSE (β) =
1
N

N∑
v=1

(βv − β̂v)2 and MSE (ρ) =
1
N

N∑
v=1

(ρv − ρ̂v)2.

Smaller values for MSE indicate better performance than larger values.
We compared the results over 1000 replications with/without considering the spatial dependence

of temporal correlations in the model for different experimental designs. The consideration of spatial
dependence of temporal correlations allowed our model to outperform the model without the same
consideration, see Table 1. We found that the FPR was reduced by 50% when considering spatial
dependence. It seemed that 0.8722 is too conservative, that is, some active voxels were not correctly
detected. In contrast, a more accurate classification of voxels and a higher detection of active voxels
using FDR is needed to determine the threshold.

3.2. Different spatial dependence structures for activations and temporal coefficients

In this section, we demonstrate that the proposed model is applicable for the detection of active–
inactive (γ ) and temporal (ρ) images using different spatial dependence structures. We considered
three scenarios to assess the performance. For a specific case, a 20 × 20 active–inactive image is
shown in Fig. 2a where the areas in red color indicate active voxels (Bezener et al., 2017). In the
temporal image, ρ is randomly assigned a value from U(−0.3, 0.3) for inactive areas, and from −0.5,
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(a) Simulated active–inactive image. The areas in red indi-
cate that the voxels are active, γv = 1, and otherwise, they
are not, γv = 0.

(b) Simulated ρ image.

(c) Estimated posterior probability of γ = 1. (d) Posterior estimate of ρ.

Fig. 2. Simulated and posterior estimated images for activation and ρ. (For interpretation of the references to color in this
figure legend, the reader is referred to the web version of this article.)

0.5, and 0.75 for active areas, respectively, as shown in Fig. 2b. Additionally, we considered the active–
inactive images generated from Ising and auto-logistic models, and the temporal image from a CAR
model. We employed both block and event-related designs with one stimulus here. Given γ , X , β , σ ,
and ρ, the BOLD signal changes yv were simulated by (6).

We carry out the proposed approach to detecting the activation and estimating the parameters of
interest. Fig. 2 displays the simulated active–inactive and ρ-images and the corresponding posterior
activation probabilities and estimated ρ images, respectively, for one simulated data set from a
specific case. Table 2 shows the median with 5th and 95th quantiles within the parentheses of TCR,
TPR, and FPR over 1000 replications. The results of block and event-related designs are similar in the
simulation, so we only present the results from the event-related design in Table 2. The result shows
an overall good performance of our model even for different spatial dependence structures of the
active–inactive and temporal images.



K. Lee et al. / Spatial Statistics 21 (2017) 96–113 105

Table 2
The median of TCR, TPR, and FPR and the corresponding 5th and 95th quantiles (within the parentheses) for different spatial
dependence structures over 1000 simulations. The threshold is determined by FDR. Ising, Auto-logistic, Specific_Binary refer
to the spatial structure for the activation map generated by Ising, auto-logistic models, and Fig. 2a, respectively. Specific_ρ and
CAR_ρ denote the spatial structure for the ρ map generated by a specific case and a CAR model, respectively.

Specific_Binary Ising Auto-logistic

Specific_ρ

TCR 96.30 (96.00, 99.75)% 95.72 (94.50, 98.75)% 96.10 (96.00, 98.85)%
TPR 97.45 (93.55, 100)% 97.80 (93.55, 100.00)% 96.15 (91.94, 98.38)%
FPR 3.42 (1.47, 5.92)% 3.35 (1.18, 6.80)% 3.54 (1.47, 7.10)%

CAR_ρ

TCR 96.20 (95.00, 99.75)% 96.02 (94.00, 98.75)% 95.10 (95.00, 98.85)%
TPR 97.50 (95.16, 98.38)% 96.80 (93.55, 100.00)% 95.15 (91.94, 98.38)%
FPR 3.45 (1.47, 5.62)% 3.30 (1.18, 6.50)% 3.65 (1.78, 6.80)%

4. Application

We considered an application to an fMRI study of the Simon effect (Liu et al., 2004; Wen and
Hsieh, 2015), a typical paradigm for investigating cognitive control. In this Simon task, participants
responded to one color with the right hand, and to the other color with the left hand. Congruence
in this aspect means that a color appears on the default side (congruent condition). Obviously, in-
congruence depicts appearance on the opposite side (in-congruent condition).

In the fMRI experiment, a fixation cross appeared for 500milliseconds (ms) at the beginning of each
trial. This was followed by the target displayed on the screen for up to 1400ms before a response was
given. Participants responded to the colored circles by pressing the corresponding buttons on their
response pad. Afterwards, a blank screen (lasting from 0–8 s) followed before the start of the next
trial. One run consisted of 160 trials (with 40 trials for each type: Right-congruent, Right-in-congruent,
Left-congruent, Left-in-congruent), lasting for approximately 9.5min. The order and the timing of each
trial were pseudo-randomized using optseq2 (Dale, 1999) to maintain an optimum jitter level during
each sequence. Stimulus providing was controlled via E-PRIME 2.0 software (Psychology Software
Tools, Pittsburgh, PA, USA).

One participant’s brain image data was selected for illustration. The fMRI BOLD signal data was
preprocessed by FSL (FMRIB, 2015) includingmotion correction, realignment, slice timing correction,
spatial smoothing, and high-pass filtering. The incorrect trials were removed and not modeled (so
the incorrect trials were part of the implicit baseline). This is a common procedure for cognitive tasks
with responses of high accuracy. The subject got 2 out of 160 trials incorrect; that is, the error ratewas
only 1.25%. Therefore the effects due to few incorrect trials would bemostly noise and can be ignored.
But none of the volumes corresponding to incorrect trials were removed since it is difficult and not
practical given the low temporal resolution of the BOLD signal. The four conditions in this experiment
were convolved with a double gamma function.

We applied two partition schemes: one based on Brodmann and the other one on a simple cubic
lattice. We subdivided the preprocessed data into 52 Brodmann areas. The areal voxel counts were
between 209 and 833. In the case of simple cubic lattice, we partitioned the brain into 40 regions, each
containing at least 500 voxels. Both schemes yielded similar activation patterns. In this analysis, we
present the output obtainedwith Brodmann areas. The columns ofM formodeling spatial dependence
were chosen with the constraint that the eigenvalues be greater than 0.05. Dimensionality was
dramatically reduced with such procedure, but the data still maintained the spatial characteristics.

Then 100,000 MCMC samples were used to perform the statistical inferences regarding activation
detection. The statistics of interest were registered into standard templates like MNI152, for ease
of visualization. We compared the two activation maps: with and without consideration of spatial
dependences between temporal correlations. Although 2nd order was considered for temporal auto-
correlation, the result was barely different from that with 1st order. Therefore, we used 1st order
temporal auto-correlation throughout the real example analysis.
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(a) Right congruence.

(b) Right in-congruence.

(c) Left congruence.

(d) Left in-congruence.

Fig. 3. The activation areas corresponding to the posterior probability greater than a threshold determined by FDR shown in red
for different tasks. Spatial dependence of temporal correlations is considered in themodel. (For interpretation of the references
to color in this figure legend, the reader is referred to the web version of this article.)

4.1. Activation detection

In this section, we present the posterior activationmaps for different stimuli. A voxel is considered
to be activated by the stimulus j when the posterior probability of γvj is greater than c . Here c is
either a deterministic value (0.8722) (Smith and Fahrmeir, 2007; Lee et al., 2014) or it is determined
by FDR (0.05) (Kalus et al., 2014). However, in the event-related fMRI simulation, 0.8722 performed
in a conservative manner, giving way to 0.05. The activation maps for different tasks are shown in
Fig. 3 with consideration of the spatial dependence of temporal correlations; and in Fig. 4 without
consideration of the spatial dependence. More activated areas – especially for the task of ‘‘Left
Incongruence’’ – are presentwithout the consideration of spatial dependence of temporal correlations
in Fig. 4(d), but this might be false positive. Possibly the statistical model failed to catch some spatial
dependence existing among temporal correlations.

4.2. Contrast effect

One interesting question about the standard Simon fMRI study is, which brain areas are related
to the inhibitory control that resolves response conflict between multiple concurrently activated
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(a) Right congruence.

(b) Right in-congruence.

(c) Left congruence.

(d) Left in-congruence.

Fig. 4. The activation areas corresponding to the posterior probability greater than a threshold determined by FDR shown in
red for different tasks. Spatial dependence of temporal correlations is not considered in the model. (For interpretation of the
references to color in this figure legend, the reader is referred to the web version of this article.)

responses. To answer it, we have to determine which brain regions are significantly more active in
in-congruent than in congruent trials. This corresponds to determine if the posterior probability

p
(
βright-incon + βleft-incon > βright-con + βleft-con | y

)
(7)

is greater than a threshold. The posterior probability images obtained by (7) with and without
considering spatial dependence of temporal coefficients are shown in Figs. 5a and 5b, respectively.
The active regions include frontal and occipital lobes detected by the models with and without
considering spatial dependence of temporal correlations. However, there seems to be more activity
in the medial prefrontal cortex in Fig. 5b without considering spatial dependence . For the Simon
task, it is expected that the lateral prefrontal cortex be activated as part of the cognitive control
network and the multiple demand network. However, the medial prefrontal cortex is part of the
defaultmode network (Niendam et al., 2012). Therefore, it is possible that the activation in themedial
part belongs to false positives. This is an important example that illustrates an advantage of our
approach. Namely, considering spatial dependence of temporal correlations improves the posterior
activation by reducing spurious detections.
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(a) Posterior activation when the in-congruent conditions are greater than congruent conditions with consideration of
spatial dependence in temporal parameters.

(b) Posterior activation when the in-congruent conditions are greater than congruent conditions without consideration of
spatial dependence in temporal parameters.

Fig. 5. Areas show more activity in in-congruent than congruent condition. The threshold is determined by FDR.

5. Discussion and conclusions

In this work we applied a new approach for performing Bayesian variable selection with con-
sideration of spatial dependence among activation coefficients and among temporal coefficients in
single-subject event-related fMRI data. Through simulations, improvement in the detection of brain
activity was observed for a wide range of spatial structures, parcellations, and experimental designs.
In addition, the proposed approach decreased the false positive rate and incorporated the prior
information about brain functions for subject-level inference.

In addition to local spatial dependence of temporal correlations, we can also use nonparametric
Bayesian variable selection (Zhang et al., 2014) to extend the proposed model to detect neural
activation in response to a stimulus, and to investigate the associations or clustering—of spatially
remote voxels exhibiting fMRI time series behavior with similar characteristics. For completeness, we
will also consider a voxel-dependent HRF in the model, and use SGLMM to capture the dependence
among nearby voxels. To achieve the inferred association between voxel time courses, we plan
to group the voxels by applying a hierarchical Dirichlet process (HDP) prior on the parameters of
temporal correlations. In practice, this may be more suitable to model the spatial pattern of temporal
correlations and may further increase the accuracy of brain activation detection.
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Appendix. Posterior distribution and full conditionals

For the gth parcel, the temporal correlation of signal changes over time is modeled by an auto-
regression model with order r . For a given voxel v, the signal change at time t is assumed to follow a
regression model as follows

yvt = zvtδv + xvtβv + evt ;

evt = ρ1et−1 + · · · + ρret−r + ϵvt ,
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where βv = (β1, . . . , βp)′, δv = (δ1, . . . , δq)′, xvt = (xt1, . . . , xtp), zvt = (zt1, . . . , ztq), and ϵvt is
normally distributed with a mean 0 and variance σ 2

v . Since evt = yvt − zvtδv − xvtβv , we can rewrite
the model as

yvt = zvtδv + xvtβv + ρ1(yv,t−1 − zv,t−1δv − xv,t−1βv) + · · ·

+ ρr (yv,t−r − zv,t−rδv − xv,t−rβv) + ϵvt

= zvtδv + xvtβv + Lvρv + ϵvt ,

where Lv = (yv,t−1 − zv,t−1δv + xv,t−1βv, . . . , yv,t−r − zv,t−rδv − xv,t−rβv) and ρv = (ρ1, . . . , ρr )′.
Given the representation of the proposed model above, the posterior distribution of parameters

can be written as

p(θ,Θg |yv) ∝ L(θv|yv)π (θv,Θg ),

where yv is the time series data of the voxel v , θv = (βv, δv, ρv, γv, σ
2
v ) lists the voxel-level, and

the parcel-level parameters are Θg = (φ, κ, τ 2, λ2, ϕ, ω). Within the gth parcel with ng voxels, we
assume

π (θv,Θg ) =

ng∏
v=1

π (δv)π (ρv)π (σ 2
v )π (βv|γv)

p∏
j=1

π (γ j|φj)π (φj|κj)π (κj)π (τ 2
j )

×

r∏
k=1

π (λk)π (ϕk|ωk)π (ωk).

The likelihood for the vth voxel is given by

L(θv|yv) =

(
1

2πσ 2
v

)−T/2

exp
{
−

(yv − Zvδv − Xvβv − Lvρv)′(yv − Zvδv − Xvβv − Lvρv)
2σ 2

v

}
.

Given the posterior distribution, we derive all conditional distributions of the parameters by Gibbs
sampling. Note that in order to alleviate the notational burden, we drop v unless necessary.

• Now we begin with the derivation of the conditional distribution of βj.

p(βj|y) ∝ exp
{
−

∑
t (yt − ztδ − xtβ − ltρ)2

2σ 2

}
exp

{
−

β2
j

2c
2rj
j τ 2

j

}

∝ exp

{
−

∑
t (yt − ztδ − xt(j)β(j) − xtjβj − ltρ)2

2σ 2

}
exp

{
−

β2
j

2c
2rj
j τ 2

j

}

∝ exp

{
−

∑
t (yt − ztδ − xt(j)β(j) − x̃tjβj − lβt(j)ρ)2

2σ 2

}
exp

{
−

β2
j

2c
2rj
j τ 2

j

}

∝ exp
{
−

∑
t (dtj − x̃tjβj)2

2σ 2

}
exp

{
−

β2
j

2c
2rj
j τ 2

j

}

∝ exp

{
−

β2
j (c

2rj
j τ 2

j
∑

t x̃
2
tj + σ 2) − 2c

2rj
j τ 2

j βj
∑

t dtjx̃tj

2σ 2c
2rj
j τ 2

j

}
,

where lt is the tth row of L, β(j) is vector β excluding βj, xt(j) is vector xt excluding xtj, lβt(j) =

(yt−1 − zt−1δ − xt−1,(j)β(j), . . . , yt−r − zt−rδ − xt−r,(j)β(j)), dtj = yt − ztδ − xt(j)β(j) − lβt(j)(r)ρ,
and x̃tj = xtj − ρ1xt−1,j − · · · − ρrxt−r,j. Therefore, the conditional distribution of βj is

βj ∼ N
(
β̂j, σ̂

2
βj

)
,
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where

β̂j =
c
2rj
j τ 2

j
∑

t dtjx̃tj

c
2rj
j τ 2

j
∑

t x̃
2
tj + σ 2

;

σ̂ 2
βj

=
σ 2c

2rj
j τ 2

j

c
2rj
j τ 2

j
∑

t x̃
2
tj + σ 2

.

• Now we derive the conditional distribution of δq as

p(δq|y) ∝ exp
{
−

∑
t (yt − ztδ − xtβ − ltρ)2

2σ 2

}
exp

{
−

δ2j

2s2δ

}

∝ exp
{
−

−
∑

t (yt − zt(j)δ(j) − ztjδj − xtβ − ltρ)2

2σ 2

}
exp

{
−

δ2j

2s2δ

}

∝ exp
{
−

−
∑

t (yt − zt(j)δ(j) − z̃tjδj − xtβ − lδt(j)ρ)2

2σ 2

}
exp

{
−

δ2j

2s2δ

}

∝ exp
{
−

−
∑

t (dδtj − z̃tjδj)2

2σ 2

}
exp

{
−

δ2j

2s2δ

}

∝ exp

{
−

δ2j (s
2
δ

∑
t z̃

2
tj + σ 2) − 2δjs2δ

∑
t dδtjz̃tj

2σ 2s2δ

}
,

where δ(q) is vector δ excluding δq, zt(q) is vector zt excluding ztq, lδt(q) = (yt−1 − zt−1(q)δ(q) −

xt−1β, . . . , yt−r − zt−r(q)δ(q) − xt−rβ), dδtj = yt − zt(j)δ(q) − xtβ− lδt(q)ρ, and z̃tj = ztj −ρ1zt−1,j −

· · · − ρrzt−r,j. Therefore, the conditional distribution of δj is

δj ∼ N
(
δ̂j, σ̂

2
δj

)
,

where

δ̂j =
s2δ
∑

t dδtjz̃tj
s2δ
∑

t z̃
2
tj + σ 2

;

σ̂ 2
δj

=
σ 2s2δ

s2δ
∑

t z̃
2
tj + σ 2

.

• The conditional distribution of σ 2 is

p(σ 2
|y) ∝

(
1
σ 2

)(T−r+aσ )/2+1

exp
{
−

∑
t (yt − ztδ − xtβ − ltρ)2 + bσ

2σ 2

}

σ 2
∼ IG

(
T − r + aσ

2
,

∑
t (yt − ztδ − xtβ − ltρ)2 + bσ

2

)
.

• The conditional distribution of τ 2
j is

p(τ 2
j |y) ∝

(
1
τ 2
j

)(ng+ac )/2+1

exp

{
−

1
2τ 2

j

∑
v

β2
vj

c
2γvj
j

−
bτ

2τ 2
j

}



K. Lee et al. / Spatial Statistics 21 (2017) 96–113 111

τ 2
j ∼ IG

⎛⎜⎜⎜⎝ng + aτ

2
,

∑
v

β2
vj

c
2γvj
j

+ bτ

2

⎞⎟⎟⎟⎠ .

• The conditional distribution of κj is

κj ∼ Γ

(
qg + aκ

2
,
φ′

jM
′
gQgMgφj + bκ

2

)
,

where qg is the rank ofMg .
• The conditional distribution of γj is

p(γj|y) ∝ η
γj
j (1 − ηj)1−γj

(
1

c
2γj
j τ 2

j

)1/2

exp

{
−

β2
vj

2c
2γvj
j τ 2

j

}
.

We have

p(γj = 1|y) ∝ ηvj

(
1
c2j

)1/2

exp

{
−

β2
vj

2c2j τ
2
j

}
;

p(γj = 0|y) ∝ (1 − ηvj) exp

{
−

β2
vj

2τ 2
j

}
.

Therefore,

p(γj = 1|y) =
1

1 + hj
,

where hj = exp
{
−αj − m′φj +

log(c2j )

2 −
β2
j (c

2
j −1)

2c2j τ2j

}
.

• The conditional distribution of φj is

p(φj|y) ∝ exp
{
−

φ′

jκjM ′
gQgMgφj

2

}∏
v

η
γvj
vj (1 − ηj)1−γvj

∝ exp

{
−

φ′

jκjM ′
gQgMgφj

2
+

∑
v

γvj(αvj + m′

vφj) −

∑
v

log(1 + exp{m′

vφj})

}
.

• The conditional distribution of λ2
r is

λ2
r ∼ IG

(
ng + aλ

2
,

∑
v(ρ̃vr − m′

vϕr )2 + bλ

2

)
.

• The conditional distribution of ωr is

ωr ∼ Γ

(
qg + aω

2
,
ϕ′

rM
′
gQgMgϕr + bω

2

)
.

• The conditional distribution of ρv

ρv ∼ N
(
(L′

vLv + σ 2
v Λ−1

v )−1(A′

vLv + σ 2
v ϕ̃vmvΛv), σ 2

v (L
′

vLv + σ 2
v Λ−1

v )
)
,

where Av = yv − Zvδv − Xvβv , ϕ̃v =
(
ϕ1, . . . ,ϕr

)′, and ρv satisfies the condition that the roots
of the polynomial ar −

∑r
i=1ρiar−i lie within the unit circle for the stationary property of the

AR(r).
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• The conditional distribution of ϕr is

p(ϕr |y) ∝ exp
{
−

ϕ′
rωrM ′

gQgMgϕr

2

}
exp

{
−

∑
v

(ρvr − m′
vϕr )2

2λ2
r

}
.

That is,

ϕr ∼ N

⎡⎣(∑
v

mvm′

v + λ2
r ωrM ′

gQgMgg

)−1

×

∑
v

ρvrmv, λ
2

(∑
v

mvm′

v + λ2
r ωrM ′

gQgMg

)−1
⎤⎦ .
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